On multiplicity of quadrilaterals  by Rukmani, S.S. & Vijayalakshmi, V.
Available online at www.sciencedirect.com
ScienceDirect
AKCE International Journal of Graphs and Combinatorics 12 (2015) 221–223
www.elsevier.com/locate/akcej
On multiplicity of quadrilaterals
S.S. Rukmani, V. Vijayalakshmi∗
Department of Mathematics, Anna University, MIT Campus, Chennai - 600044, India
Received 22 August 2014; accepted 23 June 2015
Available online 14 December 2015
Abstract
Let Kn,n be the complete bipartite graph with n vertices in each partition. We denote M(C4, Kn,n) to be the minimum number
of monochromatic copies of quadrilaterals in any 2-edge coloring of Kn,n . In this paper, we give an upper bound for M(C4, Kn,n)
for all n using an explicit construction.
c⃝ 2015 Production and Hosting by Elsevier B.V. on behalf of Kalasalingam University. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Keywords: Multiplicity; Quadrilaterals; Complete bipartite graphs
1. Introduction
Let F and G be graphs. Let the edges of the graph F be colored with two colors, say, red and blue. A subgraph G in
F is said to be monochromatic if all its edges are of the same color. The multiplicity of G in F denoted by M(G, F),
is defined to be the minimum number of monochromatic copies of G that occur in any 2-coloring of the edges of F .
J.W. Moon and L. Moser [1] determined a lower bound for the multiplicity of C4 (quadrilaterals) in complete bipartite
graphs Kn,n ∀n using matrices corresponding to the 2-edge coloring of Kn,n . Their result is as follows.
Theorem 1.1.
M(C4, Kn,n) ≥

2u2(u − 1)(4u − 3) if n = 4u;
2u3(4u − 3) if n = 4u + 1;
u(2u + 1)(4u2 − u − 1) if n = 4u + 2;
u2(2u + 1)(4u + 3) if n = 4u + 3;
where u is a non-negative integer.
They interpreted any 2-edge coloring of Kn,n in terms of n × n matrices all of whose elements are either 0 or 1.
Monochromatic quadrilaterals correspond to the 2 × 2 minors of the matrix whose elements are all 1′s or all 0′s. It
seems to be difficult to give a general construction to show that the lower bound for M(C4, Kn,n) given in Theorem 1.1
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is sharp. In this paper, we give an explicit construction by means of which we get an upper bound for M(C4, Kn,n).
The lower bound given by J.W. Moon and L. Moser and the upper bound given in this paper are both polynomials in
n of same degree.
2. An upper bound for the multiplicity of c4 in complete bipartite graphs
In this section, we give an explicit construction by means of which we get an upper bound for M(C4, Kn,n).
Theorem 2.1. For any positive integer n,
M(C4, Kn,n) ≤ n

⌊ n2 ⌋−2
i=1
⌊ n2 ⌋ − i
2

+
⌈ n2 ⌉−2
i=1
⌈ n2 ⌉ − i
2

where ⌈ n2 ⌉ denotes the ceiling of n2 and ⌊ n2 ⌋ denotes the floor of n2 .
Proof. Consider a complete bipartite graph Kn,n with partitions V1 = {v1, v2, v3, . . . , vn} and V2 = {u1, u2,
u3, . . . , un}. Color the edges of Kn,n with two colors say red and blue. For any 2-coloring of the edges of Kn,n ,
we associate a n × n matrix A = ai j  where
ai j =

1 if vi u j is a red edge;
0 if vi u j is a blue edge.
Let ri denote the i th row sum. All
 n
2

pairs of columns of A are numbered as 1, 2, 3, . . . ,
 n
2

. If the pair of columns
numbered k and l is denoted by v, then tv is the number of rows in which aik = ail = 1 in the vth pair and hv is the
number of rows in which aik = ail = 0 in the vth pair. It can be observed that
( n2 )
v=1
tv =
n
i=1
ri
2

and
( n2 )
v=1
hv =
n
i=1

n − ri
2

.
Let P(n) and Q(n) denote the number of 2 × 2 minors of the matrix A whose elements are all 1′s and all 0′s
respectively. Then the total number of monochromatic copies of C4 in a 2-edge coloring of Kn,n is given by
P(n)+ Q(n) =
( n2 )
v=1

tv
2

+

hv
2

.
We give a particular 2-edge coloring of Kn,n in which the number of monochromatic copies of C4 equals
n
⌊ n2 ⌋−2
i=1
 ⌊ n2 ⌋−i
2

+⌈ n2 ⌉−2i=1  ⌈ n2 ⌉−i2 .
Given any n, let C be the coloring of Kn,n for which the associated matrix A is as follows. For 1 ≤ i ≤ n,
ai j =

1 for j = i, i + 1, . . . , k where k =
n
2

+ i − 1;
0 for the remaining values of j.
If j > n then we take j = j (modn).
Case 1: n is odd.
The values of tv and hv for the above coloring C of Kn,n are as follows.
tv =

n − 1
2
− 1 for n values of v;
n − 1
2
− 2 for n values of v;
...
0 for n values of v
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and
hv =

n + 1
2
− 1 for n values of v;
n + 1
2
− 2 for n values of v;
...
1 for n values of v.
Therefore, the total number of monochromatic copies of C4 is given by
( n2 )
v=1

tv
2

+

hv
2

= n

n−1
2 −2
i=1

n−1
2 − i
2

+
n+1
2 −2
i=1

n+1
2 − i
2
 .
Case 2: n is even.
The values of tv and hv for the above coloring C of Kn,n are as follows.
tv =

n
2
− 1 for n values of v;
n
2
− 2 for n values of v;
...
1 for n values of v;
0 for
n
2
values of v
and
hv =

n
2
− 1 for n values of v;
n
2
− 2 for n values of v;
...
1 for n values of v;
0 for
n
2
values of v.
We can see that in this case tv = hv for all v = 1 to
 n
2

. Therefore, the total number of monochromatic copies of C4
is given by
( n2 )
v=1

tv
2

+

hv
2

= n

n
2−2
i=1
 n
2 − i
2

+
n
2−2
i=1
 n
2 − i
2
 .
From the above two cases, we get
M(C4, Kn,n) ≤ n

⌊ n2 ⌋−2
i=1
⌊ n2 ⌋ − i
2

+
⌈ n2 ⌉−2
i=1
⌈ n2 ⌉ − i
2

for any positive integer n.
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